Multipole moment is an established concept of electrons in solids. Entanglement of spin, orbital, and sublattice degrees of freedom is described by the multipole moment, and spontaneous multipole order is a ubiquitous phenomenon in strongly correlated electron systems. In this paper, we present group-theoretical classification theory of multipole order in solids. Intriguing duality between the real space and momentum space multipole order parameters is revealed for odd-parity multipole order which spontaneously breaks inversion symmetry. Electromagnetic responses in odd-parity multipole states are clarified on the basis of the classification theory. A direct relation between the multipole moment and the magnetoelectric effect, Edelstein effect, magnetopiezoelectric effect, and dichromatic electron transport is demonstrated. More than 110 odd-parity magnetic multipole materials are identified by the group-theoretical analysis. Combining the list of materials with the classification tables of multipole order, we predict emergent responses of the candidate materials.
I. INTRODUCTION
Physical phenomena originating from spin-orbit coupling in parity-violated systems are attracting growing interest in condensed matter physics. The topics include topological phases of matter [1] [2] [3] , unconventional superconductivity [4] [5] [6] , multiferroics [7] [8] [9] [10] [11] [12] , and spintronics [13] [14] [15] [16] [17] . It has been shown that these quantum phases exhibit nontrivial electromagnetic responses characterized by peculiar symmetry. A concept of multipole may interconnect the broad research fields because the electromagnetic charge and current distributions are described by the multipole expansion in a unified way.
So far the multipole physics has mainly been investigated with focus on the spontaneous multipole ordering of localized d-and f -electrons [18, 19] . The atomic multiplet formed by strong Coulomb interaction and spin-orbit coupling are characterized by the multipole moments, and inter-multipole interactions may lead to spontaneous multipole order. Furthermore, the multipole degree of freedom gives rise to intriguing quantum phases; e.g. superconductivity mediated by multipole fluctuations [20] , multipole Kondo effects [21] , and so on.
Recent studies shed light on odd-parity multipole order, where the inversion symmetry is spontaneously broken, although the studies of atomic multipole physics were restricted to even-parity order. In addition to the electric dipole order, which has been well-known as ferroelectric order, electric octupole [22, 23] , magnetic monopole [24] [25] [26] , magnetic quadrupole [24, [27] [28] [29] [30] , magnetic toroidal dipole [31] [32] [33] [34] [35] [36] [37] [38] , and magnetic hexadecapole order [39] have been investigated.
The key to the odd-parity multipole order is locally- * watanabe.hikaru.43n@st.kyoto-u.ac.jp noncentrosymmetric crystal structures, where an inversion center cannot be taken at atomic sites although the inversion symmetry is globally preserved. Then, there are at least two sublattices, and the parity operation is accompanied by site permutation. For instance, a zigzag chain contains two nonequivalent sites which are interchanged by the parity operation [24, 27] . When an atomic even-parity multipole, such as spin, is antiferroically-ordered between the two sublattices, the system breaks the inversion symmetry instead of the translational symmetry. Then, the seemingly antiferroic states, indeed, have zero Néel vector Q = 0, and characterized by ferroic odd-parity multipole moments, which are called augmented multipole. In this way odd-parity multipole order ubiquitously occurs in solids, and candidates may be found widely in crystalline materials with broken local inversion symmetry. This is in sharp contrast to the conventional multipole order of atomic scale whose candidates are limited to highly symmetric crystals such as cubic systems [18, 19] . Therefore, owing to the unavoidable reason, candidate materials for odd-parity multipole order may have complex crystal structures. Therefore, it is desirable to develop a theoretical tool to identify multipole order parameter in a systematic way.
Compounds with ferroic odd-parity magnetic multipole order are also called magnetoelectric materials, since the electromagnetic crossed correlation appears. The magnetoelectricity has been extensively studied in the research field of multiferroic materials, and then the candidates should be insulating to hold well-defined electric polarization reversible by external electric fields [9] [10] [11] . On the other hand, the oddparity multipole order also leads to nontrivial electronic structures such as spontaneous emergence of spin-momentum locking [22, 23, 40] and asymmetric band distortions in itinerant systems [24, 27, 28, 36] . Accordingly, characteristic electromagnetic responses may occur in metallic states [27] . Intriguing phenom-ena in odd-parity multipole states, however, have not been fully explored. Thus, to investigate emergent property, systematic studies are required.
In this paper, we report group-theoretical classification of multipole order, by which the relevant multipole moment in real materials is identified and the connection to the emergent electromagnetic responses is clarified. In Sec. II, we classify electric and magnetic multipole moments by high-symmetry crystal point groups. The tables in Sec. II A list multipole moments up to rank-4. The results of classification are summarized in Sec. II B. We can identify the nontrivial properties of itinerant odd-parity multipole ordered states by representing multipole in the momentum space. In Sec. III, we discuss emergent responses arising from odd-parity multipole order such as magnetoelectric effect, Edelstein effect, magnetopiezoelectric effect, and dichromatic electron transport. We demonstrate that our representation analysis predicts these electromagnetic responses in an intuitive way. Application to odd-parity multipole materials is discussed by taking Cd 2 Re 2 O 7 , Ba 1−x K x Mn 2 As 2 , and GdB 4 as examples. We also show more than 110 candidate materials in Sec. IV with use of the group-theoretical analysis. A brief summary is given in Sec. V.
II. CLASSIFICATION THEORY OF MULTIPOLE ORDER
In the classical electromagnetism, static electromagnetic fields are characterized by electric and magnetic multipole moments [41, 42] . The multipole expansion of scaler and vector gauge potentials is given by l Y l−m [43] . Here, we adopt the Coulomb gauge ∇ · A = 0 and the position r is set outside charge-current source.
The electric and magnetic multipole moments are quantum-mechanically written aŝ where the summation i labels electrons in a unit cell and we define M = (x,ŷ,ẑ) ≡ µ B (2l/(l + 1) + 2s) with l and s being orbital and spin angular momentum. (r i , θ i , φ i ) denotes spherical coordinates of the i-th electron. Thermodynamical and quantummechanical expectation values of these quantum operators, that are classical variables, are treated in our classification theory of multipole ordered phases. Then, M is a classical axial vector. We take the unit e = 1. The space inversion parity is odd for odd-l (even-l) electronic (magnetic) multipole moment, while it is even for even-l (odd-l) electronic (magnetic) multipole moment. Later we show that the odd-parity multipole states exhibit intriguing properties distinct from even-parity states.
A. Classification of electric and magnetic multipole moment
The multipole moments (Q lm , M lm ) are basis in the spherical space and characterized by angular momentum quantum numbers l and m. On the other hand, the crystal symmetry restricts allowed symmetry operations, and therefore, irreducible representations in the rotation group become reducible. Thus, the multipole moment in crystals is classified by the compatibility relation with irreducible representations in a given point group. First, we show the classification of multipole moments up to rank l = 4. For this purpose, we should adopt the solid representation [42] , 5) and
(II.6) ca for 0 < l and 0 < m ≤ l. We deal with Q l0 and M l0 for m = 0. In the classification tables II.1-II.4, we take three high-symmetry point groups, O h , D 4h , and D 6h , following the classification theory of unconventional superconductivity by Sigrist and Ueda [44] . All the other crystal point groups are descended from these point groups, and the classification in the lowsymmetry point groups can be obtained from Tables II.1-II.4 by the compatibility relation [45] . Thus, the classification of multipole moment in crystals has been completed, although previous results were limited to even-parity multipoles [46] or tetragonal systems [39] . 
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T2g {ξ, η, ζ} ≡ {yz, zx, xy}
B. Basis functions
In the previous subsection, Sec. II A, we have classified the multipole moment in crystal point groups. It is practically more useful to summarize the classification of multipole moments with respect to each irreducible representation of a given point group, because the symmetry analysis of ordered states identifies irreducible representations and the candidate for multipole order parameter is determined by the obtained irreducible representation. Furthermore, we may obtain an intuitive and precise understanding of emergent electromagnetic responses in the multipole states by referring to the list of basis functions in both real space and momentum space [See Sec. III for details].
For this purpose we show the list of irreducible representations in point groups and tabulate multipole moments as basis functions in the real space. The corresponding basis functions in the momentum space are also shown. In the classification tables II.6-II.11, the lowest-order basis functions in the real-space coordinates r = (x, y, z) and those in the momentumspace coordinates k = (k x , k y , k z ) are shown. We immediately notice the characteristic correspondence of real space and momentum space representations.
For the even-parity electric/magnetic multipole order, we can obtain basis functions in the momentum space from those in the real space by replacing r → k. For instance, the real space basis of B + 2g in D 4h is xy, and the corresponding basis function in the momentum space is k x k y . The basis function xy represents an electric quadrupole moment in the real space, which can be induced by ferroic orbital order. The momentum space basis k x k y may correspond to the d-wave Pomeranchuk instability. Indeed, nematic order in 122-type iron-based superconductors belongs to the B + 2g irreducible representation, although the origin of the nematic order is still under debate in spite of intensive studies [47, 48] .
In contrast to the even-parity multipole order, the real space and momentum space representations of odd-parity multipole order are quite different [39] . In the odd-parity electric multipole states, the basis in the momentum space is spin-dependent, indicating a spin-momentum coupling [22, 23, 40] . For instance, an electric octupole order with Q − 32 ∝ xyz in a cubic system is classified into the A + 2u representation. Then, the momentum-space representation On the other hand, the basis for odd-parity magnetic multipole order in the momentum space is spinindependent, which gives rise to asymmetric dispersion of electrons and magnons [24, 27, 28, 36, 39, 49] . For example, the magnetic quadrupole order with M + 22 ∝ xx − yŷ belongs to the B − 1u representation in the tetragonal D 4h point group. The corresponding momentum-space representation is k x k y k z , and that indicates the tetrahedral distortion in the band structure [39] . Later we show many candidate materials of the B − 1u multipole order (Sec. IV). From the classification tables II.6-II.11, we may understand the one-to-one correspondence between the symmetry of multipole order and the unusual electronic structure. The nontrivial duality between the real space and the momentum space is a characteristic and intriguing property of parity-violating order. 
To understand the salient difference between evenparity and odd-parity multipole ordered states, we illustrate the basic symmetry of multipole moment. The space-inversion parity P, time-reversal parity T , and the combined PT parity are shown in Table II.12. When the space-inversion parity is odd, the basis function must be odd-order in terms of r and k. Then, to realize the same time-reversal parity, the spin dependence must be different between the realspace representation and the momentum-space one, since the time-reversal parity of r and k is even and odd, respectively. This is the origin of intriguing du- 
ality and also the reason why an unusual electronic structure appears in odd-parity multipole states. As we show in the next section (Sec. III), the seemingly unusual representations in the momentum space result in emergent electromagnetic responses in the odd-parity multipole states.
III. EMERGENT RESPONSES IN MULTIPOLE STATES
Multipole order is accompanied by spontaneous symmetry breaking, which implies emergence of novel electromagnetic responses. For instance, crosscorrelated couplings between electric, magnetic, and elastic properties have been investigated in the research field of multiferroics [12] . Similarly, an oddparity multipole order causes a variety of emergent responses. In this section, we demonstrate that basis functions in the classification tables II.6-II.11 reveal electromagnetic responses in a straightforward manner. A schematic figure illustrating the correspondence of emergent responses and multipole order is shown in Fig. 1 , and the details are discussed below. We will obtain an intuitive and precise understanding of the emergent responses in the odd-parity multipole states. Later in Sec. IV, odd-parity magnetic multipole materials are classified with use of the group theoretical analysis. Then, characteristic electromagnetic responses in candidate materials are predicted.
A. Electromagnetic cross-correlated responses
According to the classical electromagnetism in vacuum, uniform electric field and magnetic field are coupled with each other only in dynamical phenomena. The spontaneous symmetry breaking in crystals, however, allows electromagnetic coupling even in the static or stationary state. The linear responses arising from such coupling are classified into the magnetoelectric (ME) effect and the Edelstein effect (inverse spin-galvanic effect, kinetic ME effect). Although these two effects are seemingly similar, they are essentially different phenomena [39, 50] . The following discussions clarify the nature of the ME effect and Edelstein effect from the viewpoint of multipole order.
Magnetoelectric effect
First, we discuss the ME effect, which originates from rank-2 magnetic multipole order. The ME effect is a static phenomenon arising from the crosscorrelated coupling in the free energy
where E and H are external electric field and magnetic field, respectively [10] . Differentiating the free energy with respect to the external fields, we obtain the ME responses
for the electric polarization P and magnetization M . Existence of the ME effect was first pointed out by P. Curie in 19th century [51] , and later the ME effect in Cr 2 O 3 was clarified by theory and experiment [52] [53] [54] [55] . The ME effect is an equilibrium phenomenon. Thus, following the Neumann's principle, the symmetry operations including the time-reversal operation restrict the form of the ME coupling tensor α µν . The ME effect at least requires inversion symmetry breaking and time-reversal symmetry breaking. The emergence of odd-parity magnetic multipole order satisfies this symmetry condition. Strictly speaking, the ME effect occurs in the rank-2 odd-parity magnetic multipole state. Indeed, the ME coupling tensorα = (α µν ) is decomposed aŝ
(III.4) of which first, second, and third terms arise from the magnetic monopole moment, toroidal moment, and quadrupole moment, respectively.
Using the group-theoretical classification in Sec. II, we can identify the allowed ME effect in a straightforward manner. For example, the prototypical ME compound Cr 2 O 3 crystallizes in the trigonal structure (space group No. 167, R3c) and undergoes antiferromagnetic transition characterized by the A − 1u irreducible representation of D 3d [56] . Following the compatibility relation, the A
where the two-fold rotation axis of D 3d is the xaxis. Then, referring to Table II .11, we notice that the ME effect in Cr 2 O 3 originates from the magnetic monopole moment and quadrupole moment given by
The corresponding ME coupling tensor iŝ
(III.7) where a and b (or a 1 and a 2 ) are independent of each other. The coupling constants a and b correspond to the magnetic monopole moment and quadrupole moment, respectively. For an intuitive understanding, an electric field E µ induces the magnetization M µ because the spatial coordinate takes a finite expectation value x µ , and we have x µxµ → x µ x µ .
Odd-parity magnetic multipole order higher than rank-2 does not cause the ME effect. For instance, the B − 1u irreducible representation of D 6h point group does not include rank-2 magnetic multipole moment in its basis. Indeed, the ME effect does not occur in the B − 1u magnetic hexadecapole state of hexagonal systems. On the other hand, in a tetragonal compound BaMn 2 As 2 , the magnetic hexadecapole order of B − 1u representation induces the magnetic quadrupole moment [39] ,
Therefore, the ME effect may occur and the coupling tensor has the form,
Combining the classification of odd-parity magnetic multipole ordered compounds in Sec. IV with the group-theoretical classification in Sec. II, we can identify the ME coupling tensor in the listed candidate materials. Conversely, by measuring the ME effects, we could identify the symmetry of odd-parity magnetic multipole order in the level of magnetic point group [57] . Recently, such idea has been applied to identify the antiferromagnetic structure of spinel compounds [58, 59] .
First-principles calculations are powerful tool for a quantitative estimation of ME effects [60, 61] and magnetic multipole moments [25, 26, [62] [63] [64] [65] . A direct relation between the ME coupling tensor and the thermodynamically-defined magnetic multipole moment has been revealed by recent theoretical works [66, 67] .
Edelstein effect
Second, we discuss the electromagnetic crosscorrelated response originating from the odd-parity electric multipole. Edelstein effect, which was theoretically clarified nearly three decades ago [68] , is written as
The effect is sometimes called inverse spin-galvanic effect [69] or kinetic ME effect [70] . Recently, many attentions have been paid to the Edelstein efect in the research field of spintronics after the proposal of spinorbit torque [15] [16] [17] 3) for the ME effect. The Edelstein effect, however, originates from the coupling between the momentum and magnetization, that is, the rank-2 odd-parity magnetic multipole in the momentum space denoted by k µxν . This should be contrasted to the ME effect by the rank-2 magnetic multipole in the real space, x µxν . As we showed in Sec. II B, the odd-parity magnetic multipole in the momentum space corresponds to the odd-parity electric multipole in the real space. Thus, the Edelstein effect occurs in the electric multipole states with spontaneous inversion symmetry breaking. Essential differences of the ME effect and Edelstein effect are illustrated in Table III. 1. For instance, we here consider polar systems such as semiconductor heterostructures [79, 80] , oxide interfaces [81, 82] , and bulk materials [4] . Since the polar system is regarded as an electric dipole state, the Rashba coupling between the momentum k and spin σ appears in Hamiltonian
where we take the polar axis along the z-axis and α is the coupling constant. The non-equilibrium spin polarization along the y-axis (x-axis) is induced by the electric current along the x-axis (y-axis). We intuitively understand this effect by considering, k µxν → k µ x ν , under the electric current along the µ-axis. Thus, the Edelstein effect is a current-induced phenomenon while the ME effect is induced by the electric field. Due to the symmetry of the Rashba coupling (III.11), the response tensorχ = (χ µν ) is given byχ
It is noteworthy that the time-reversal symmetry breaking is not required for the Edelstein effect while it is required for the ME effect. This is because the Edelstein effect occurs not in an equilibrium state, but in a stationary state. The essential ingredient is the broken inversion symmetry, that is, emergence of odd-parity electric multipole moment. In other words, the time-reversal symmetry breaking for the Edelstein effect arises from dissipations due to an applied electric current. To express these properties, we should rewrite the response formula as
instead of Eq. (III.10), where j ν is an electric current. As the formula implies, the Edelstein effect is a transport phenomenon in itinerant systems. This is in sharp contrast to the ME effect which is an equilibrium phenomenon in insulating systems. The Edelstein effect allowed in odd-parity multipole states can be identified by the classification tables in Sec. II B. Let us focus on cubic systems in [73, 77, 78] .
On the other hand, the rank-9 electric multipole order in the A + 1u representation breaks all the mirror symmetry (that realizes a chiral system). Then, the representation in the momentum space is magnetic monopole k · σ, which indicates "hedgehog" spinmomentum locking [40] . Accordingly, the Edelstein coupling tensor is a scholar matrix,χ = a1. Our classification of the Edelstein effect based on the representation theory is consistent with the symmetry analysis [69] .
Finally, we apply the classification of Edelstein effect to a candidate for an odd-parity electric multipole metal Cd 2 Re 2 O 7 . Cd 2 Re 2 O 7 is a superconductor unique in α-pyrochlore oxides, crystallizing in the cubic structure (space group Fd3m, No. 227) [83, 84] . What is controversial about this compound is the structural transition at T ∼ 200 K (For a brief review, see Ref. [85] ). Several measurements including X-ray diffraction [86] [87] [88] , Raman scattering [89] , and non-linear optical measurement [90] have reported the structural phase transition characterized by the E (III.14)
However, a recent non-linear optical measurement by Harter et al. [91] proposes that the primary order is T Inspired by this experiment, Matteo and Norman theoretically proposed several scenarios indicating an exotic magnetic order [30] . Here, we compare the Edelstein effect in the two scenarios, (III.14) and (III.15). When we follow the E + u (p) scenario (III.14), the multipole order parameter is an electric dotriacontapole moment, Q It is expected that a T2u a Eu when the T + 2u (γ) mode is a primary order. As shown by the coupling tensors (III.16) and (III.17), the two scenarios can be distinguished by the off-diagonal Edelstein effect; when the electric current is applied along the x-axis, the induced magnetization is 
B. Magnetopiezoelectric effect
Now we clarify a non-equilibrium response of the odd-parity magnetic multipole states. As we show in Sec. II B, odd-parity magnetic multipole order is represented by the spin-independent basis functions in the momentum space, giving rise to asymmetric band distortions. Due to the peculiar symmetry of the band structures, an applied electric current may induce "electronic strain" s state of tetragonal systems, the k x k y k z -type asymmetry leads to the k x k y -type strain s (e) xy under the electric current along the z-axis. In other words, the inplane nematicity is induced by the out-of-plane electric current [39] . This response is intuitively understood by k x k y k z → k x k y k z . Since a lattice strain tensor s µν has the same symmetry as s (e) µν , the electric current is coupled with lattice distortions through electronic strains. The response is generally represented by
where the rank-3 tensorẽ µνλ characterizes the current-induced strain response [39] . The response resembles the well-known piezoelectricity The MPE effect and piezoelectric effect are essentially different phenomena, similar to the case of the ME effect and Edelstein effect. First, the MPE effect is a non-equilibrium response, whereas the piezoelectric effect is an equilibrium response. Accordingly the coupling tensorsẽ µνλ and e µνλ have a different time-reversal parity; the time-reversal parity is even for e µνλ , while it is odd forẽ µνλ . Second, the MPE effect is caused by odd-parity magnetic multipole order, while the usual piezoelectricity occurs in oddparity electric multipole states, as schematically illustrated in Fig. 1 . For instance, the piezoelectric effect with e xyz occurs in the electric octupole state because xyz → xy z under the electric field E ẑ. Third, the piezoelectricity is allowed in insulators and metals, whereas the MPE effect is realized only in metallic states and accompanied by dissipations. Thus, the MPE effect is a non-equilibrium phenomenon.
Here, we show the group-theoretical classification of the MPE effect. Table III is allowed. Table III .2 reveals that the MPE effect is realizable in all odd-parity magnetic multipole ordered states except for the case of magnetic point group m 3 m . Therefore, most of itinerant odd-parity magnetic multipole materials potentially show the MPE effect. We can identify the symmetry of the MPE effect in candidate materials (Sec. IV) by combining Tables II.6-II.11, III.2, and IV.1. One of the advantages is that the MPE effect is switchable by inverting the magnetic domain. Finally, we discuss a dichromatic transport of electrons. Within the linear response regime, the electric longitudinal conductivity is bidirectional in the sense that the conductivity is not altered by reversing either the electric fields E or magnetic fields H. The bidirectional property on H is derived from the reciprocal relation [92] . The bidirectional property, however, may be violated in the nonlinear regime. Here we restrict discussions to the dichromatic longitudinal conductivity,
whereσ µν (j µ ) is the electric conductivity including a nonlinear component under the current j µ . Hence, ∆σ µµ depends on the electric fields. ∆σ µµ depends on E µ or even higher-order in the electric field. For example, the dichromatic nonlinear electronic conductivity, ∆σ zz , is allowed in polar systems with z being the polar axis. Rikken et al. have shown that the electronic dichroism can be tuned by magnetic fields, while the dichroism determined by the crystal polarity is not tunable. Two setups have been studied. (i) Chiral systems such as a twisted bismuth substrate show magnetochiral anisotropy [93] , and (ii) the cross product of external magnetic field and electric field induces magnetoelectric anisotropy [94] . The observed dichromatic responses are
for the case (i), and
for the case (ii). Although the two dichromatic responses are seemingly different from each other, we may understand them in a unified way. The presence of polar axis in the momentum space is associated with the magnetically-induced dichroism. To confirm this interpretation, we consider cubic systems as examples, and refer to the classification table of electric multipole moment (Table II. 
6).
For the case (i), chiral systems are regarded as an electric multipole state in the A + 1u irreducible representation. Then, the hedgehog spin-momentum coupling, k · σ, gives rise to spin-split bands. In an external magnetic field a polar axis in the momentum space emerges parallel to the field as schematically understood by
The anti-symmetric band dispersion gives rise to the electronic dichroism, because the nonlinear electric conductivity is determined by the anti-symmetric components of the energy spectrum in the standard Boltzmann transport theory [95, 96] . The direction of the momentum-space polarization is consistent with the magnetochiral anisotropy (III.25).
The case (ii) is regarded as a ferroelectric-like polar system because the electric dipole along E is induced by external electric fields. Indeed, the magnetoelectric anisotropy has recently been observed in a polar semiconductor BiTeBr [95] at zero electric field. These cases correspond to the T + 1u irreducible representation in cubic systems, and its momentum-space basis is the Rashba type spin-momentum coupling, k x σ y − k y σ x , for E ẑ [T + 1u (γ) basis]. External magnetic fields lead to the band distortion
for H x, while
for H ŷ. Thus, the polar axis in the momentum space shows up. Then, the nonlinear electric current shows the magnetoelectric anisotropy (III.26). The magnetically-induced dichroism due to the polarization in the momentum space has been microscopically clarified by a theoretical calculation in Ref. 95 . Furthermore, the optical dichroism has been revealed by recent theories [97] [98] [99] .
As demonstrated above, the classification tables in Sec. II provide a systematic understanding of the magnetically-induced dichroism in the longitudinal transport. Here we again discuss Cd 2 Re 2 O 7 .
In the E + u (p) scenario (III.14), the emergent spinmomentum coupling has been obtained as k x σ x − k y σ y . Then, the dichroism in the electric conductivity is obtained as
Since the low-temperature structure I4m2 is neither chiral nor polar, the dichromatic transport is different from magnetochiral anisotropy and magnetoelectric anisotropy.
On the other hand, in the T Thus, under the rotating magnetic field in the xy-plane, H = |H|(cos θ, sin θ, 0), and the electric current along the x-axis, the electronic dichromatic response shows the field-angle dependence, So far we discussed magnetically-induced dichroism in electron transport. According to the above explanation of the dichroism, odd-parity magnetic multipole ordered materials may show the dichromatic transport even at zero magnetic field. The classification tables in Tables II.7 , II.9, and II.11 indicate polarization in the momentum space for some magnetic multipole states. In such multipole states, the dichromatic response is allowed by symmetry. This topic will be discussed elsewhere [100] .
IV. ODD-PARITY MAGNETIC MULTIPOLE MATERIALS
In this section, we show candidate materials of the odd-parity multipole order. For the electric multipole, parity-violating structural transitions may be regarded as odd-parity electric multipole order. Rank-1 ferroelectric order has been observed in various insulating compounds [101] . Recent studies of LiOsO 3 [102] and carrier-doped SrTiO 3 [103] have explored the concept of ferroelectric-like order in metal and superconductor. Higher-order octupole or dotriacontapole order in Cd 2 Re 2 O 7 [85] has been discussed in previous sections. The electric octupole order with an electronic origin has also been proposed for the hidden ordered phase of bilayer high-T c cuprate superconductor YBa 2 Cu 3 O y [104] .
The magnetic multipole order is attributed to an electronic degree of freedom. However, spin is an ax-ial vector and space inversion parity is even. Therefore, another electronic degree of freedom has to play an essential role for the parity-violating magnetic multipole order. Recent studies pointed out the sublattice degree of freedom in locally noncentrosymmetric crystals, which allows the formation of odd-parity augmented multipole [22-30, 36, 38, 39, 49, 105] . In particular, as seen in the prototypical ME compound Cr 2 O 3 [53] [54] [55] , an intra-unit-cell antiferromagnetic order in locally noncentrosymmetric crystals may be identified as an odd-parity magnetic multipole order from the viewpoint of symmetry. Accordingly, magnetic compounds realizing such spin structure may be a platform of emergent responses discussed in the previous section III.
In this section we make a list of candidate materials for ferroic odd-parity magnetic multipole states (Q = 0). Identification of multipole order is performed by two complementary methods, the magnetic representation theory and the magnetic point group analysis.
The magnetic representation theory is a standard method for magnetic structure analysis [106, 107] . By using the method, we classify magnetic compounds into the irreducible representations of a given crystal point group. Corresponding to the odd-parity representation, the magnetic order can be identified as an odd-parity magnetic multipole order (listed in Sec. II A). This method is especially useful for specifying characteristic transport properties of itinerant multipole states. Using the tables of basis functions (Sec. II B), we can predict some electromagnetic responses (Sec. III) in candidate materials.
In the magnetic point group analysis, ordered phases are characterized by point group symmetry of the magnetic states. The magnetic point group gives a symmetry constraint for the equilibrium properties and transport phenomena more directly than the magnetic representation theory [108] [109] [110] .
We can see what electromagnetic responses should occur in the magnetic states. Thus, these two approaches are complementary.
For more information, we introduce Aizu species, which consist of a pair of symmetry of the disordered phase and ordered phase. Symmetry reduction in the magnetic phase transition is generally classified by Aizu species. The domain states are also characterized; for example, we can identify external fields suitable for switching domain states by Aizu species [109, 110] . The concept of Aizu species is introduced in Appendix A. Table IV .1 shows the list of materials which are identified as ferroic odd-parity magnetic multipole states.
117 magnetic compounds are shown with their space group, Aizu species, irreducible representation, conducting properties (metal/insulator/semiconductor), Néel temperatures, and references. A part of the compounds has been known as ME materials [111] [112] [113] . However, more than half of the compounds in Table IV .1 are analyzed in this work. For some compounds (e.g. CaMn 2 Sb 2 ), experimental reports of magnetic structures or transition temperatures are contradictory, and for other compounds (e.g. Co 3 O 4 ), several possibilities of magnetic structures were suggested. In such cases, we show all the proposed magnetic structures as far as possible.
We restrict our classification to the magnetic phases preserving PT symmetry. The PT symmetry is broken in the even-parity magnetic multipole phases (P-even and T -odd), whereas it is preserved in the odd-parity magnetic multipole phases (P-odd and T -odd) [see Table II .12]. Thus, the odd-parity (even-parity) magnetic multipole ordered states are regarded as the PT -preserved (PT -broken) magnetic phases. Table IV .1 shows the pure odd-parity magnetic multipole states. This constraint requires that crystal structures are centrosymmetric. Otherwise, owing to the parity violation in the paramagnetic phase, an odd-parity magnetic multipole moment should coexist with an even-parity one. In other words, an odd-parity magnetic multipole moment appears in all the magnetic phases of noncentrosymmetric crystals. An analysis of such parity-mixed magnetic states is a future study. In our classification list, more than 100 magnetic materials are revealed with their symmetry and conducting property. Here we briefly discuss some intriguing examples from the viewpoint of emergent responses.
A. High-temperature ME compounds Many ME compounds have already been reported [111] [112] [113] , and multiferroic compounds have recently attracted much attention [11, 12] . The Néel temperature, however, is much lower than the room temperature in most cases except for a few compounds such as Cr 2 O 3 [55] . This is unfavorable for a potential application of the ME effect to energysaving devices.
On the other hand, some materials in Table IV .1 undergo magnetic transition at high Néel temperatures above the room temperature. For examples, in many manganese pnictides and chromium pnictides, crystallizing in the ThCr 2 Si 2 structure, odd-parity magnetic multipole order occurs at high temperatures. Furthermore, their magnetic and conducting properties are chemically controllable; e.g. substituting pnictogen atoms with carbon group atoms. Thus, Table IV .1 contains a new family of high-temperature ME compounds.
B. Itinerant odd-parity multipole compounds
Most of previous studies on the parity-violating magnetic order focused on insulators. It is natural to study insulating systems in the context of the multiferroics, since ferroelectricity is weaken by itinerant electrons' screening of electric polarizations.
The odd-parity magnetic multipole order in itinerant systems, however, is attracting recent attentions. The interplay between the itinerant property and parity-violating magnetic order leads to intriguing transport phenomena such as the MPE effect and dichromatic transport as we have discussed in Sec. III. Furthermore, itinerant odd-parity magnetic multipole materials may realize the Fulde-FerrellLarkin-Ovchinnikov state at zero external magnetic field when the superconductivity occurs in the multipole ordered state [24, 28] . Table IV .1 includes many metallic odd-parity magnetic multipole materials. Ba 1−x K x Mn 2 As 2 , SrCr 2 As 2 , GdB 4 , U 2 Pd 2 In, and others may be platform of the exotic transport phenomena and unconventional superconductivity.
V. SUMMARY AND CONCLUSIONS
Previous studies clarified higher order multipole order by spontaneous ordering of atomic multipole moment, which is stemmed from the entanglement of orbital and spin angular momentum due to the strong spin-orbit coupling. Localized d-and f -electron systems have been investigated by many works [18, 19] . Then, possible symmetry is restricted to the evenparity multipole order which preserves space inversion symmetry.
On the other hand, the augmented odd-parity multipole order has recently attracted interest. The essential ingredient is the existence of sublattice degree of freedom. The entanglement of spin, orbital, and sublattice degrees of freedom may allow the formation of augmented multipole moment in a unit cell. In particular, the locally-noncentrosymmetric crystal is a platform of the odd-parity multipole order because additional negative sign due to the site permutation appears in the space inversion parity [246] . It has been shown that the odd-parity augmented multipole order gives rise to intriguing electromagnetic responses not only in insulators but also in metals and semiconductors [23, 27, 36, 39] .
Inspired by the renewed interests in multipole physics, we carried out group-theoretical classification of the even-parity/odd-parity multipole order, extending the previous result limited to tetragonal systems [39] . Multipole order in cubic, tetragonal, and hexagonal systems is classified by point group symmetry in Tables II.6-II.11. Classification in other crystal groups is straightforwardly obtained by compatibility relations. Even though real compounds are sometimes too complicated to see the relevant mul-tipole moment characterizing the ordered state, we can identify the multipole order parameter by grouptheoretical analysis.
Our classification tables show the basis functions in the real space and those in the momentum space. The former indicates the relevant multipole moment. Interestingly, for the odd-parity multipole order, the basis functions in the momentum space look quite different from the corresponding multipole moment in the real space. Indeed, they reveal unusual band structures. The momentum space representation of odd-parity magnetic multipole moment is spinindependent, implying an asymmetric band structure. Spin-dependent basis functions of odd-parity electric multipole indicate spin-momentum locking. The distinct representations in real and momentum spaces are characteristic properties of parity-violating order and result in emergent electromagnetic responses.
We have demonstrated application of the classification theory to the emergent responses. The correspondence between the symmetry of multipole order and ME effect, Edelstein effect, piezoelectric effect, MPE effect, and dichromatic electron transport has been elucidated. The electric-field-induced responses are obtained by the basis functions in the real space, whereas the electric-current-induced responses are described by the basis functions in the momentum space.
From the classification theory, we can intuitively and precisely determine the response tensor. As an example, the parity-violating order in Cd 2 Re 2 O 7 has been discussed. The two controversial phases proposed by experiments are classified into the electric octupole and dotriacontapole states. Since the response tensors of the Edelstein effect and dichromatic electron transport are different, these effects can be used to identify the symmetry of electric multipole order in Cd 2 Re 2 O 7 . On the other hand, the ME effect and MPE effect are characteristic properties of the odd-parity magnetic multipole states. The allowed MPE effect, namely, current-induced lattice distortion, has been classified on the basis of the group theory (Table III. 2). Ba 1−x K x Mn 2 As 2 and GdB 4 have been discussed as examples.
Using the group-theoretical analysis, we have identified more than 110 candidate materials for oddparity magnetic multipole states. The list of materials contains not only well-known ME materials but also many magnetic compounds which were not clarified so far. Some of them are candidates for roomtemperature ME materials, which has been searched in the research field of multiferroics. Furthermore, the list includes itinerant compounds, which may be a platform of intriguing transport properties and exotic superconductivity arising from the broken inversion and time-reversal symmetry.
The concept of the augmented multipole with sublattice degree of freedom has extended the research field of multipole order in strongly correlated electron systems, and it has connected various research fields, such as heavy fermions, multiferroics, and spintronics. Our classification theory may provide basis for future researches. We expect that the classification tables are useful, as the classification theory of unconventional superconductivity [44] has been used in the research field of superconductivity. We also expect that the list of candidate materials stimulates experimental studies of odd-parity multipole order and emergent responses. We hope that our classification theory generates renewed interests in multipole physics.
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Aizu species is denoted as
where G and K are (magnetic) point group of a disordered phase (high-temperature phase) and that of an ordered phase (low-temperature phase), respectively. The symbol F represents "Ferroic". When the groupsubgroup relation G ⊃ K holds, we obtain the coset decomposition as
where g 1 ∈ K, and g j ∈ K for j = 1. It is indicated that the domain states S i (i = 1, 2, · · · , N ) exist, and the number of domain states is N = |G|/|K| with |G| being the order of the group G. In Aizu's classification, the domain states S i are characterized by some ferroic order parameters such as electric polarization P (ferroelectric order), magnetization M (ferromagnetic order), and strainŝ (ferroelastic order). For example, let us consider the pair of the cubic phase G = m3m and the tetragonal phase K = 4mm. Assuming that the four-fold rotation axis is the z-axis, the corresponding coset decomposition is obtained as m3m = E 4mm + P 4mm + C The domain S 1 may have an electric polarization along the z-axis, P 1 = 0. The electric polarization P j of another domain S j is given by P j = g j P 1 .
(A.5)
The electric polarizations P i (i = 1, 2, · · · , 6) are different from each other and can be distinguished completely by the conjugate field with P , that is, the electric field E. In this case, the Aizu species m3m F 4mm is "full-electric". The well-known ferroelectric material BaTiO 3 [101] belongs to this Aizu species and it is perfectly switchable by external electric fields. Besides, domain states given by other Aizu species are also characterized by the electric polarization. Following the notation by Aizu [249] and Litvin [115] , the domain states are classified into "full-electric", "partial-electric", "null-electric", and "zero-electric". These notations are defined as 1. full(F)-electric: All domain states are distinguishable according to P .
null(N)-electric:
All domain states have the same P , and thus, domains are not distinguishable by P .
zero(Z)-electric:
In all domain states P is zero. Therefore, domains are not distinguishable by P . 3. zero(Z)-electric: Domains are not switchable by E.
partial(P)-electric:
Domains are partially switchable by E. Domain states having the same P can not be controlled by E.
Similarly, Aizu species are also characterized by magnetization M , strainŝ, and so on.
The Aizu species are useful to classify domain states. When a pair of disordered phase and ordered phase are specified by symmetry, the corresponding Aizu species tells what ferroic order parameter characterizes domains and how domain states can be switched by external fields conjugate with the ferroic order. In Sec. IV, we classify the odd-parity magnetic multipole order in candidate materials. The magnetic transitions in the classified list belong to Aizu species which may be called "full odd-parity-magnetic".
Note that Aizu species has been defined in several ways [251] . Algebraic relation of point groups is definitely given without ambiguity. However, the coordinates can be arbitrarily taken. For example, the Aizu species mmm F 2mm represents a nonpolarpolar phase transition in an orthorhombic system, where the polar axis of the ordered phase (2mm) is not explicitly given. In the representation theory, the nonpolar-polar transition is represented by either of B 1u , B 2u or B 3u irreducible representation of the D 2h point group. However, the three irreducible representations can not be distinguished by Aizu species, since they are merged into the same Aizu species mmm F 2mm. To solve this problem, we may define the Aizu species with taking into account the coordinates of the ordered phase relative to those of the disordered phase. Indeed, Aizu introduced several definitions of the Aizu species with conventions on the coordinates, which are called "normal", "specific", "subspecific", and "rigorous" definitions [251] . In our classification theory, we adopt the subspecific definition of Aizu species so as to maintain the correspondence with the representation theory.
